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ABSTRACT

In this paper we explore the problem of estimation of finite population variance
in simple random sampling without replacement by utilizing information of multi-
auxiliary variables. We propose an almost unbiased multivariate estimator that has a
smaller mean squared error than the conventional biased multivariate estimators. In
addition, we support these theoretical result with the aid of a numerical investigation
and simulation study into the performance of the estimator has been made.
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1. Introduction

In sample surveys the information on auxiliary character X is used to achieve higher
precision in the estimates of some population parameters such as the mean or the
variance of the study variable. It is well established that when the auxiliary informa-
tion is to be used at the estimation stage, the ratio, product and regression methods
of estimation are widely used in many situations. When correlation between study
variable Y and auxiliary variable X are positive, ratio method of estimation is used. If
correlation between Y and X are negative, product method of estimation is preferred.
Further if the correlation between Y and X are linearly related, regression method of
estimation is used.

Let Y; and X; be the measurement in respect of the study variable Y and the auxil-
iary variable X respectively, on the ith unit of the population of size N from which
a random sample of size n is drawn. Further let sz and s2 be unbiased estimators of
population variance SS and S2 of variables Y and X. Now assume that the problem
is to estimate the population variance
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it is assumed that

1 N 12
2 _ _
SV‘N_1;¥% X)7,

is known. Assume that population size N is large so that the finite population correc-
tion terms are ignored. The usual unbiased estimator of SZ is defined by

to=s;=mn-1)"> (-7)° (1.1)

i=1

where 7 = n~1 Y y; is the sample mean of study variable y. For increasing efficiency
of usual estimators Das and Tripathi (1978) suggested class of estimators

52\’
2 T
tal = Sy (5%) (12)

and
ta, = 5,[S2/{S7 + 0(s7 — S2)}] (1.3)

where § = A\3,/B5(x) being suitable chosen scalar. Upto the terms of order n=! both
estimators are biased and is equally efficient as ¢,.. Utilizing single auxiliary variable
for estimation Sg Isaki (1983) suggested a ratio and regression estimators for SZ as

u:§<%> (1.4)

El
and
tre = 52 + Byx(Si — si) (1.5)
where 52 = (n — 1) ' 320", (z; — 7)? and By, = (SgXs,./S255(x)) the usual regression
coeflicient of S; and S2. In general difference estimators is known to be more precise
than ratio and product estimators.
Utilizing p-auxiliary Information a random sample without replacement of size

n is selected (Y;, X1;), ..., Xpi, @ = 1,2,...,n, from the population is observed. Isaki
(1983) generalized multivariate ratio and regression estimator

p
tsr = Z 52‘7%59%1.725@' =1 (1.6)
=1

and

P

=1
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where §; are suitable chosen constant, 7; = (312/ /s2), Bys, = (S;)\le /S2 B5(x;)) the
usual regression coefficient of SS and 52, s2 = (n— 1)~ S (i — z)? are the sam-
ple variance of Y and X. In general regression estimator is known to be more precise
than ratio estimator. Further improving efficiency of estimators Arcos Ceberian et al.

(1997) proposed multivariate estimator

ta =57 ]| <8> (1.8)
i=1 N7

where 0; = /\Zx/ S5 (x;) are suitable constants, respectively, up to the terms of order
n~! the estimator is biased and is equally efficient as tpe.

It can be see that all the above multivariate estimators are biased. Therefore in section
2 we define an estimator which is unbiased up to first order approximation and is more
efficient than all the above estimators under certain conditions.

2. Proposed Estimator

Motivated by Das and Tripathi (1978), we assume that above value of 6; is known,
then the proposed estimator of Sg using multi-auxiliary information X;, ¢ =1,2,...,p

S2,
t—syZW [52 O =87 (2.1)

where, W; are suitable chosen constant so that Zle W; = 1.
In order to obtain approximations for Bias and MSE of estimators we considered

Let 332, = Sg +eand s2 = S2 +e
E(e;)) =0,Vi=0,1,2,...p.

E(ef) = £S,65(y), E(e}) = fSq, B3 (x1),

and E(epe;) = fS232 E(eiej) = fS2S2 N5, Vi=1,2,..p.

Yz’ T; N,x ;0

We followed by Biradar and Singh (1998), we have

B3 (y) = (APa(y) — M), B5(xi) = (APa(xi) — M),

Nz, = (AXyz, + 2Bp§xi —D), N, . = (AXg, o, + QBp?E“%_ - D),

Ti,Tj

where, f(y) = Sl 8y (x;) = gttty

fr22(Y,2:) by — H22 (Ti,T;5)
pa0(Y,mi) poz (y,z) * " FirTi B0 (4,25 ) o2 (Y,Ti)

fpgr = & > (yi — Y )P(2; — X)%(2; — Z)" and for pg and r = 0 to 4.

Aya;, =
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(here p,q and r are being non-negative integers)

fo Nonoog (N-D)(mN-N-n=1) 3 N>n—3N?+6N—2n—3

n(N-1)’ 4= T Nm-1)(N=3) N(n—1)(N—3)

N—-1)(N—n—1 N?n—2Nn—N?4+2N—-n—1
B = (N(nf)f)(Nf?)) , D= ( N(n—1)(N—3) :

Up to order n~! it can easily be seen that the proposed estimator is unbiased i.e.

B(t) =0 (2.2)
The MSE of t
p
M(t) =Y WilW;Cou(t;,t;) (2.3)
7,7=1

where ¢ # j = 1,2, ...p;
From equation (2.3) co-variances as follows

Cov(t;, tj) = fsg [B5(y) — Oidys, — 0505, + 00,75 )]

Iy
From (2.3)
p a. .
M(t) = 52 Wi (ﬁ) (2.4)
,J
where
aij = m[ﬁz (y) = 0idye, — 0N e, + 0i0;75 5]

Now we find the optimum value W, ..., W), we define the vectors a = (ai,...ap) and
W'(1 x p) = (W;,...,Wp), the matrix A = |a;j|pxp-
Then (2.4) can be written as

M(t) =n"'S;W AW’ (2.5)

where n is the sample size and W'is the transpose of W.

For determination of optimum weights, we follow the technique used by Olkin (1958)
it can easily be established that i.e.

. 4
W= ime

where, €/(1 x p) = (1,...,1) and A1 is the matrix inverse of A. Assuming that the
weights will be uniform if and only if the column sums of A are equal i.e. Ae = eD),

where D # 0 is a scalar.

Hence eA~! = ¢/D and eA~ e’ = p/D
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so that W = e/p

From equation (2.5)

M(t)=n"'S, <D> (2.6)

N =) gy e a4 g
S =D [B5(9) = 000, = 03Ny, + 0:0,Xs.0s] (2.7)

After putting 6; and 6; values for obtain minimum M (¢)

_LS;JI * _ /\Z%z o )\Z%j )\Zwi)\;mjA;in
MO == B0 B T B T Bsa) 2

Above we can seen that it is difficult to comparisons with all the existing estimators
if multi-auxiliary information are available. Then we use for comparison and it is seen
that the reduction in MSE of the suggested estimator is high as compared to all the
existing estimators.
3. Special case
For sample units selection, If p = 2 then equation (2.1) we have,
tr = sy [(1 = W)ty + Wi (3.1)
S2.
where 1 = <—S§1+9(831—5§1)>
s2,
wwd v = (s =sey)
From (3.1) for Bias expression we have,
E(ty —Y) = [(1=W1)B(i1) + W1B(y2)] (3:2)
where, B(¢1) = ng[G%B;(xl) — 01 X390]
and B(v2) = fS][0355 (x2) — 02X50,]
Again from (3.1) for MSE expression we have,
Bt = Y)? = [(1 = W1)’M (1) + Wi M () + Wi(1 = Wi)Cov(ypr,42)]  (3.3)
where, M (1) = fS;[B;(y) + 6283 (21) — 201 \5o0)

and M () = fSy[53(y) + 0355 (x2) — 202X50,]
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Using the optimal value #; and # to minimize the Bias and MSE of can easily be
shown as:

01 = A390/B3(21) and b2 = A3,/ 5 (22)
From (3.2) the Bias of B(t;)
B(t;) =0 (3.4)

From (3.3) the M(t1)

)‘330 }+ 2{ )‘E%O )‘3(2)2 o 2>‘§20)‘§O2>‘822}

_ 4 * —
M(ty) = fS, [{52 (y) B3 (21) 1 Bi(x1) ' Bi(xa)  Bi(x1)B5(xa)

B A5bo 205902302022 H
”“{@mﬂ 55 (1) 55 (x2) (8:5)

For getting optimum value of Wi, we differentiate the equation (3.5) with respect to W

dM(t) _

1.e. aw,

we have,

W1{ *;go + i‘§(2)2 _2/1320)‘;03/\322}_{ ;\5(2)2 _2);;20/\303)‘322}:0 (3.6)
52(331) ﬁ2($2) 52($1)ﬁ2(1’2) 52(332) 52(351)52(332)

The optimum value of Wi, which is minimizes M (¢1)can easily be found as:

A;SD . >\520>\502>\822
Bs(z1)  B3(z1)B5(x2)

A;%O _|_ >‘532 _ 2>\;20>\;02>\622
Bs(x1) ' Bs(w2)  B5(@1)B5(x2)

Wi =

From (3.6) multiplying by W; and substituting with (3.5), we have,

*2 *2 * * *
)‘220 )‘202 2)‘220 )‘202)‘022

M(t:) = fS, H/B;(y) - ﬁz*(;yl)}_wl{ﬁé‘(@)  Bi(w1)Bs(a2) H

After putting optimum value of W to minimize the M (t;)

2
)\550 — )\;20 )\;02>\322
Bs(x1)  B3(x1)Bs (x2)

Mo | M 2A320A;O2A322}
2

- Bi(a)

. A*Z
M(t) = £5 {@@) ”0}—
{55(361) (@2) B3 (1)B5(22)
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We consider if p = 2, forgetting the expectation of bias and mean square error of all
the existing estimators is considered up to terms of order n~!, we have

Blts) = fSy[(1 = 81){B3(x1) — Ao} + 1{B53(21) — A3} (3.8)

AQ /\2 )\2 )\2 )\* A* )\*
B a) = 52 )\ )\ 202 }_ 220 202 2207120271022
(fa) = 1 H”O%( 0yt t Griasy [T B (e) 6§(w2)+6§‘(:v1)6§(g)9)

and minimum MSE of tg,, ty. and t, can be shown to be

M (tsr) = fS,[{B5(y) + B5 (1) — 250} — 61{B3(21) — Ns0 + Moz — Ajz2}]  (3.10)

where the optimum value of 7

51 = {83 (21) = Ao + Asgp — Abo}
{83 (1) + B3 (1) — 2AGa2}

M (tpre) = f[5355(9)+5§1 ym152 ($1)+Sx23yx252 (x2)—25,57 Byx1>\§20—2555a%23yx2>\§02

YT

+287, 5%, Byz, Bya, A2 (3.11)

where the optimum value of By,, and By,

S )‘220
Sz Bz( 1)

S5A302
52 ,82 (22)

By, = and By,, =
M(tg) = Y F1B35(y) + 0253 (1) + 6355 (x2) — 2601 X500 — 202 \30p + 20102 N509]  (3.12)

From eq"s. (3.10), (3.11) and (3.12) the minimum MSE can be shown to be

ol rax x Covr 1 1B3(@1) — A3y + ASgg — Ala}
Mitsr) = 153 {530 + B3(a1) — ) — VD =2 e il |- (515

_orad|pari A330 _ A5t 2)‘320)‘302)‘322]
M) = 51| 5500 - B8 - ey Sl
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It can be seen that

M(tbre)min' = M(ta)mm-

4. Efficiency Comparison

For efficiency comparison we assume

B3(x1) = B3(22) and Ny = N then
Comparing equation (3.7) and (3.13), we have

M(tl) < M(t&’) Zf

*2 )\*
() — ANE _|_)\* _ 220 ( 022 _3>>0
62( 1) 220 022 65(1'1) 5;(331)

Comparing equation (3.7) and (3.14), we have
M(t1) < M(tyre) if
3A§
{23 11> 0
B3 (z1)

Further comparing equation (3.13) and (3.14), we have

M<tbre) < M(tﬁr) Zf

B3 (1) — 4X590 + Agga + iy (1 > >> 0
B3 (1) B (1)

(3.15)

(4.1)

(4.2)

(4.3)

Above we can seen that it is difficult to comparison, then we following bivariate

symmetric populations by Sukhatme (1954), we have
Ba(y) = Ba(w;) =3

A220 = Aoo2 = (1+2p},,), for all i = 1,2

and Aoz = (1+2p2 )

where Pij = Sz‘j/SiSj, (Z 75 j = y,$17372)

If we assuming that N is large, so that f.p.c. (n/N) factor can be ignored than we have

-1 — _ 1 _ n—3
f7n7A71’Bi (nfl)’Mi (n—1)

In this case we find values

65@) = ﬁ;(%) = (nQ_nl)
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* _ * _ 2 2n
A220 = A202 = Pya, (n—1)

* 2 2n
and Aoy = Pz, o)

Then we consider minimum MSE attained by the above estimators we have,

2 2 \2
M(tl) _ 25;1 |:(1 B p4 ) . (ngz - pgz/:clpyxszlxg) :| (44)
(’I’L - 1) v (pg%zl + pga:z - 2p@2/x1 p%/aszp?leg)
25, (1= Py, + Py — P21,)’
M(ts) = — [2 — D) — ETE R R — } (4.5)
o) = Gy [P0 7o) 21~ 12,1,
25;1 4 4 2 2 2
M(tbre) = M(toc) = (n — 1) 1- Pyz, — Pyz, + 2pyx1pymsz1x2 (46)
For comparison we assuming that
Pyzy = Pyzy = P
and Pziz2 = PO
Then (4.1), (4.2) and (4.3) we have,
25} (1= pd)’
M(t) = —2_|(1—phy - L2210 A7
(1) = oty 1= gty - U200 (47)
253 (1-7})
M(tsr) = —2~|2(1 - p?) — 0 4.8
(1) = s |20 - ) - 5 (4.9
25
Mltn) = oty 1= 200 - ) (1.9)
Comparing (4.7) and (4.8), we have
M(ty) < M(ts,) if (1—pp) >0 (4.10)

which will always true.
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Comparing (4.7) and (4.9), we have

1
M(ty) < M(tyre) if  pp> 5 (4.11)
which is hold.
Further we comparing (4.8) and (4.9), we have
M(tpre) < M(ts;) if  (1—p*) >0 (4.12)

which will always true.
We combining equation (4.10), (4.11) and (4.12), we have

M(t1) < M(tyre) < M(ts,)

Which is show that the proposed estimator is more precise than all the other estima-
tors.

5. Empirical Study
We use the following data sets for the numerical comparison of the estimators

Data I- [Source: Anderson (1958)]
Y : Head length of second son.

X1: Head length of first son.

X,: Head breadth of first son.

Data II- [Source: Khare and Sinha (2007)]

Y : Weights (in kg) of children.

X1: Skull circumference (in ¢cm) of the children and.
Xo: Chest circumference (in cm) of the children.

Table 1. Descriptions of the population parameters.

v 2 2 2 2
Data N n Y Sy Pyzy Pyzs  Paizy
1 25 25 183.84 100.755 0.711 0.693 0.735
2 95 95  19.4968 9.266 0.328 0.846  0.297

We have computed the percentage relative efficiency (PRE) with respect to 873 which
is given in the table 2 defined by

Var(to)

PRE = 315E()

x 100

In table 2 we present the percentage relative efficiency for each of the estimators. Based
on these results we can see that the estimator ¢, is equally efficient then estimator of
tyre, but estimator t; is highest efficient then all the existing estimators.
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Table 2. The percentage relative efficiency of the es-
timators, we have

Percentage Relative Efficiency

Estimators Data 1 Data 2
to 100 100

tsy 127.650 193.050
Tore 128.890 204.181
ta 128.890 204.181
t1 142.813 205.042

6. Simulation Study

To evaluate the efficiency of the proposed estimator, first we have generated three
groups of population size N = 5,000 with population means and different covariance
matrices, following multivariate normal distribution using R software. Randomly
we select 15,000 samples without replacement of size 300, 500 and 700 are drawn
from the whole population. For each of the sample, we computed the MSE of all the
estimators as follows:

M() = 15})00 i’foo(tzj - 5’5)2, where, j = 0,dr,bre,a and 1
where 573 denote the estimation of sample variance for ¢ = 1,2,...,15000 and 5’5
represents the known population variance of the study wvariably. For three the
population means and different covariance matrices, are given below:

Data 1
(400 ] (000 245 400
p= [300], X = |245 1500 980 | and pys, = 0.2, pyz, = 0.4, pyz, = 0.8
500 400 980 1000
Data I1
[200] [100 52 75
p= 1600f,>X =152 300 150| and py:, = 0.3, pyz, = 0.5, pg,z, = 0.6
100 | 75 150 200
Data III
[100] 1200 730 220
p= [250|, %= | 730 850 280| and py., = 0.7, pyz, = 0.2, pr,z, = 0.3
400 220 280 990

Table 3 present the percentage relative efficiency for each of the estimators, Based on
these results we can seen that for all data set the estimator is more efficient then all
the existing estimators.
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Table 3. The percentage relative efficiency of the estimators for generated data
Percentage Relative Efficiency
Data Sample Size n  Estimators

to tsr thre ta t1

300 100 102.1905 110.1418 112.1403 197.084

I 500 100 101.4044 115.6808 114.4205 196.9417

700 100 103.0980 119.3504 117.7151 197.8424

300 100 105.9237 125.8871 113.8743 214.8272

II 500 100 109.2975 118.8317 117.1416 208.5441
700 100 108.9371 116.9689 116.8258 207.7972

300 100 105.4748 120.421 111.8979 265.1738

II1 500 100 106.6913 113.0217 109.1734 264.3548
700 100 109.8154 115.4483 114.4826 264.4997

7. Conclusion

From section 4 the result of the theoretical discussions, it is inferred that the proposed
estimator for estimating the population variance of the study variable under the certain
condition performs better than all the existing estimators. Also it is clear from table
2 and 3 the proposed estimator is more precise then all the existing estimators for all
data sets.

Acknowledgement

We thank the learned reviewers for their thorough review and highly appreciate the
comments.

References

1]

Anderson, T. W. (1958). An Introduction to Multivariate Statistical Analysis. John
Wiley and Sons, New York.

Biradar, R. S. and Singh, H. P. (1998). Predictive Estimation of Finite Population Vari-
ance. Calcutta Statistical Association Bulletin, 48, 229-235.

Cebnan, A. and Gracia, M. R. (1997). Variance Estimation Using Auxiliary Information:
An Almost Unbiased Multivariate Ratio Estimator. Metrika, 45, 171-178.

Das, A. K. and Tripathi, T. P. (1978). Use of Auxiliary Information in Estimating the
Finite Population Variance. Sankhya, 40, 139-148.

Olkin, I. (1958). Multivariate Ratio Estimator for Finite Populations. Biometrika, 45,
154-165.

Isaki, T. (1983). Variance Estimation Using Auxiliary Information. Journal of the
American Statistical Association, 78, 117-123.

Khare, B. B. and Sinha, R. R. (2007). Estimation of ratio of the two population means
using multi-auxiliary characters in the presence of non-response. Narosa Publishing

House, 10, 3-14.

Sukhatme, P. V. (1954). Sampling Theory of Surveys with Applications. Iowa: Iowa

47



Journal of Statistics, Optimization and Data Science Reena® and Vyas Dubey®

State College New Delhi, India.

48



